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We use the functional renormalization group approach with partial bosonization in the particle-
particle channel to study the effect of order parameter fluctuations on the BCS-BEC crossover of
superfluid fermions in three dimensions. Our approach is based on a new truncation of the vertex
expansion where the renormalization group flow of bosonic two-point functions is closed by means
of Dyson-Schwinger equations and the superfluid order parameter is related to the single particle
gap via a Ward identity. We explicitly calculate the chemical potential, the single-particle gap, and
the superfluid order parameter at the unitary point and compare our results with experiments and
previous calculations.
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The BCS-BEC crossover in a two-component Fermi
gas has attracted the attention of theorists for several
decades [1, 2, 3, 4, 5]. It is generally accepted that the na-
ture of the superfluid state exhibits a smooth crossover as
a function of the dimensionless parameter 1/kFas, where
kF is the Fermi momentum and as is the s-wave scatter-
ing length in vacuum. While for a small negative scat-
tering length, i.e., 1/kFas ≪ −1, the paired state gener-
ated by the attractive interaction is a collection of spa-
tially extended Cooper pairs (BCS limit), in the opposite
limit 1/kFas ≫ 1 the superfluid state can be viewed as a
Bose-Einstein condensate of tightly bound fermion pairs
(BEC limit). Of particular interest is the unitary point
1/kFas = 0 where the scattering length diverges and kF
sets the only length scale of the system. In this regime
quantitative calculations are difficult because there is no
small parameter to justify approximations.
In the past few years several observables such as the
chemical potential and the quasi-particle gap have been
determined experimentally at the unitary point [6, 7, 8, 9,
10], but there is still some uncertainty in the precise nu-
merical values of these quantities. The unitary point has
also been studied theoretically using Monte Carlo sim-
ulations [11, 12] and various analytical methods based
on field theoretical techniques [13, 14, 15, 16, 17] or the
functional renormalization group (FRG) [18, 19, 20, 21],
but also in this case the theoretical results have not con-
verged yet. In such a situation it is desirable to study
this problem using new approximation strategies which
are complementary to previous calculations. In this work
we shall therefore develop a novel FRG approach for the
BCS-BEC crossover which is based on a suitable trunca-
tion of the vertex expansion using skeleton equations and
Ward identities. For fixed density we explicitly calculate
the chemical potential, the single-particle gap, and the
superfluid order-parameter at the unitary point in three
dimensions, and compare our results with experiments
and with previous calculations.
We consider a system of neutral fermions with energy
dispersion ǫk = k
2/(2m) and a short-range attractive
two-body interaction gp depending on the total momen-
tum p of a fermion pair. After decoupling the interaction
in the particle-particle channel using a complex Hubbard-
Stratonovich field χ, the Euclidean action of our model
can be written as S = S0 + S1, with Gaussian part S0
and interaction S1 given by [22]
S0 =
∑
σ
∫
K
(−iω + ξk)ψ¯KσψKσ +
∫
P
g−1p χ¯PχP , (1)
S1 =
∫
P
∫
K
[ψ¯K+P↑ψ¯−K↓χP + ψ−K↓ψK+P↑χ¯P ]. (2)
Here, the energy ξk = ǫk − µ is measured relative to
the chemical potential µ, and the anti-commuting fields
ψKσ and ψ¯Kσ represent fermions with energy-momentum
K = (iω,k) and spin projection σ. The complex bosonic
field χP is conjugate to the fluctuation of the superfluid
order parameter with energy-momentum P = (iω¯,p).
For convenience we choose our sign convention such that
gp > 0 for attractive interactions.
To derive FRG flow equations for our model we intro-
duce a cutoff Λ into the Gaussian propagators appearing
in Eq. (1) and consider the evolution of the generating
functional of the irreducible vertices as the cutoff is re-
duced [23, 24]. The physical vertices are then recovered
for Λ → 0. The FRG equations for the irreducible ver-
tices of the above mixed boson-fermion theory follow as
a special case of the general FRG flow equations derived
in Ref. [25]. In contrast to a previous FRG calculation
[21], we use here a scheme where the cutoff is introduced
only in the bosonic part of the Gaussian propagator. The
advantage of our boson cutoff scheme is that the initial
condition for the fermionic self-energy is simply given
by the self-consistent Hartree-Fock approximation (i.e.
the BCS approximation), while the initial vertices in the
2bosonic sector are given by closed fermion loops with an
arbitrary number of bosonic external legs [25]. In partic-
ular, at the initial scale the bosonic two-point functions
are given by the ladder approximation. In order to ob-
tain numerically tractable FRG equations, we have to
make further approximations: first of all, we neglect the
momentum-frequency dependence of the vertices with
one boson and two fermion legs, replacing these vertices
by a momentum- and frequency-independent coupling
γ = γΛ. Moreover, we completely ignore vertices with
two fermion legs and more than one boson leg. Within
these approximations, the FRG flow equations for the
anomalous (∆) and normal (Σ) fermionic self-energies in
our cutoff scheme are
∂Λ∆(K) = γ∂Λ〈χ〉+
γ2
2
∫
P
[
F˙ ℓℓP − F˙
tt
P
]
A(P −K) , (3)
∂ΛΣ(K) = −
γ2
2
∫
P
[
F˙ ℓℓP + F˙
tt
P − 2iF˙
ℓt
P
]
B(P −K) , (4)
which are shown graphically in Fig. 1 (a). Here, A(K)
and B(K) are the anomalous and normal component of
the fermionic single-particle Green function, which are
related to the self-energies by
A(K) = −
∆(K)
D(K)
, (5)
B(K) =
G−1(−K)
D(K)
, (6)
where G−1(K) = iω − ξk − Σ(K) and D(K) =
G−1(K)G−1(−K) + |∆(K)|2. The functions F˙ ijP in
Eqs. (3) and (4) are the bosonic single-scale propagators
associated with longitudinal (upper index ℓ) or transverse
(upper index t) fluctuations of the field χ. Choosing for
simplicity a sharp momentum cutoff in the bosonc sector,
the single-scale propagators are F˙ ijP = −δ(Λ − |p|)F
ij
P ,
where the bosonic propagators F ijP can be expressed in
terms of the irreducible bosonic self-energies Πij(P ) (po-
larizations) as
[
F ℓℓP F
ℓt
P
F tℓP F
tt
P
]
=
1
N(P )
[
g−1p +Π
tt(P ) −Πℓt(P )
−Πtℓ(P ) g−1p +Π
ℓℓ(P )
]
, (7)
with
N(P ) = [g−1p +Π
ℓℓ(P )][g−1p +Π
tt(P )] + [Πℓt(P )]2 . (8)
In order to determine the fermionic self-energies from
Eqs. (3) and (4) we need additional equations for the
polarizations Πij(P ) and for the flowing order param-
eter 〈χ〉. Instead of explicitly writing down the FRG
flow equations for Πij(P ), we shall use skeleton equa-
tions (which follow from Dyson-Schwinger equations
[25]) to relate the bosonic self-energies to the fermionic
FIG. 1: (Color online) (a) Diagrammatic representation of
our approximate FRG flow equations (3, 4) for the fermionic
self-energies ∆(K) and Σ(K). (b) Exact skeleton equations
for the bosonic self-energies Πℓℓ(P ),Πℓt(P ),Πtt(P ). (c) Exact
FRG flow equation for the order parameter 〈χ〉. Solid arrows
represent fermionic propagators, dashed arrows represent the
complex boson fields χ and χ¯, dashed lines without arrow
represent longitudinal components ϕℓ of χ = (ϕℓ + iϕt)/
√
2,
while wavy lines represent the transverse components ϕt.
ones [27]. Graphically, the exact skeleton equations for
the irreducible bosonic self-energies Πij(P ) are shown in
Fig. 1(b). Within our truncation where the three-legged
boson-fermion vertex is approximated by a flowing cou-
3pling γ = γΛ, these relations become
Πℓℓ(P ) = −
γ
2
∫
K
[
B(K)B(−K + P )−A(K)A(K + P )
+(P → −P )
]
, (9a)
Πtt(P ) = −
γ
2
∫
K
[
B(K)B(−K + P ) +A(K)A(K + P )
+(P → −P )
]
, (9b)
Πℓt(P ) = −
iγ
2
∫
K
[
B(K)B(−K + P )
−(P → −P )
]
. (9c)
To close our system of flow equations, we still need an
equation for the vertex renormalization factor γ and the
flowing order parameter 〈χ〉 appearing in Eq. (3). In our
boson cutoff scheme, the flow of 〈χ〉 is driven by the ir-
reducible vertices with three bosonic legs, Γℓℓℓ,Γℓℓt,Γℓtt,
as shown graphically in Fig. 1(c). The crucial point is
now that from the requirement that the FRG flow pre-
serves the gapless nature of the Bogoliubov-Anderson
(BA) mode [26] we can easily obtain an expression for
∂Λ〈χ〉 without explicitly considering the RG flow of the
bosonic three-legged vertices. Therefore we note that the
condition for the vanishing of the gap of the BA mode is
g−10 +Π
tt(0) = 0 . (10)
This condition is obviously satisfied at the initial RG
scale Λ = Λ0 because the ladder approximation with
self-consistent Hartree-Fock propagators is conserving.
To make sure that the BA mode remains gapless for
any value of Λ we simply require that Eq. (10) remains
valid during the entire RG flow. With Πtt(0) given by
Eq. (9b), this is an implicit relation between ∂Λ∆(K)
and ∂ΛΣ(K). By demanding that this relation is consis-
tent with Eqs. (3) and (4) we can uniquely fix the RG
flow of the order parameter 〈χ〉. Finally, using the U(1)-
gauge symmetry of the action given in Eqs. (1) and (2)
we can derive a Ward identity which relates the ratio of
the anomalous self-energy and the superfluid order pa-
rameter to the vertex renormalization factor γ,
∆(0) = γ〈χ〉 . (11)
Eqs. (3)–(11) form a closed system of integro-differential
equations for the fermionic self-energies ∆(K), Σ(K), the
vertex renormalization factor γ and the order parameter
〈χ〉, which should be solved with the initial conditions
∆(K)Λ0 = 〈χ〉Λ0 = ∆0 and Σ(K)Λ0 = 0. Here, ∆0 is the
single-particle gap in the BCS approximation.
The numerical analysis of the system of coupled
integro-differential equations (3)–(11) is beyond the
scope of this work. Here, we further simplify these equa-
tions by neglecting the momentum-dependence of the
fermionic self-energies and keeping only the linear fre-
quency correction to the normal self-energy, replacing
∆(K)→ ∆ and Σ(K)→ Σ− (Z−1 − 1)iω, where
Z =
1
1− ∂Σ(iω,0)∂(iω)
∣∣∣
ω=0
(12)
is the inverse flowing wave function renormalization fac-
tor. The flowing single-particle propagators are then
given by A(K) = ZA˜(K) and B(K) = ZB˜(K), where
A˜(K) = −∆˜/(ω2 + E˜2k) , (13)
B˜(K) = −(iω + ξ˜k)/(ω
2 + E˜2k) , (14)
with E˜k = [ξ˜
2
k + ∆˜
2]1/2, ξ˜k = ǫ˜k − µ˜, ǫ˜k = Zǫk, µ˜ =
Z(µ−Σ), and ∆˜ = Z∆. It should be noted that ∆˜ can be
identified with the physical single particle gap which can
be measured, e.g., in tunnelling experiments. With these
approximations, our system of flow equations reduces in
D dimensions to
Λ∂Λµ˜ = ηµ˜− γ (Λ/kF,0)
D
ǫF,0
×
∫
dω¯
2π
[
F˜ ℓℓP + F˜
tt
P − 2iF˜
ℓt
P
]
B˜(P ) , (15)
Λ∂Λ ln γ = −(γ/∆˜) (Λ/kF,0)
D
ǫF,0
×
∫
dω¯
2π
[
F˜ ℓℓP − F˜
tt
P
]
A˜(P ) . (16)
The wave function renormalization factor is determined
by Λ∂ΛZ = ηZ, with the flowing anomalous dimension
η = γ (Λ/kF,0)
D
ǫF,0
∫
dω¯
2π
[
F˜ ℓℓP + F˜
tt
P − 2iF˜
ℓt
P
]
×
E˜2Λ − ω¯
2 + 2iω¯ξ˜Λ
(ω¯2 + E˜2Λ)
2
. (17)
Due to the sharp momentum cutoff we may set P =
(iω,Λ). The FRG flow is further constrained by the con-
dition (10) that the BA mode is gapless and by the rela-
tion
∆˜ = Zγ〈χ〉 , (18)
imposed by the Ward identity (11). The dimension-
less interaction terms F˜ ijP appearing above are defined
by F˜ ijP = Z
2γν0F
ij
P , and ǫF,0, kF,0, and ν0 denote the
Fermi energy, the Fermi wave vector and the density of
states at the Fermi energy (per spin projection) of a non-
interacting system which has exactly the same density as
our interacting system at the initial scale Λ = Λ0.
For convenience, we work with a momentum-
independent bare coupling gp → g0. In dimensions
D ≥ 2 this gives rise to an ultraviolet divergence in the
BCS gap equation which also appears in the polariza-
tions Π˜ii(P ) = Πii(P )/(Z2γν0). For D > 2 we may ab-
sorb this divergence into the bare coupling by introduc-
ing the dressed coupling g via (Z2γg)−1 = (Z2γg0)
−1 −
4FIG. 2: (Color online) RG flow the three-legged vertex γ and
the wave function renormalization factor Z at the unitary
point (kFas =∞) in three dimensions.
V −1
∑
k(2ǫ˜k)
−1, so that the constraint (10) that the BA
mode remains gapless turns into
1
Z2γg
=
1
V
∑
k
[
1
2E˜k
−
1
2ǫ˜k
]
. (19)
In D = 3 the dressed coupling is related to the s-wave
scattering length as via g = −4πas/m. It is intriguing
to note that we can derive exactly the same equation
by means of a skeleton equation for the order parame-
ter. This means that the gaplessness of the BA mode is
in fact a natural consequence of our truncation scheme.
Together with the rescaled Ward identity (18) and the
gapless condition (19), the flow equations (15)–(17) form
a closed system of RG equations for the five parameters
〈χ〉, ∆˜, µ˜ = Z(µ − Σ), η and γ which can be solved
numerically without further approximation. All bosonic
polarizations can be expressed in terms of these parame-
ters via skeleton approximations. For every value of the
cutoff Λ this requires the numerical evaluation of a three-
dimensional integral. The RG flow of the three-legged
vertex γ and the wave function renormalization factor
Z at the unitary point in three dimensions is shown in
Fig. 2. Moreover, in Fig. 3 we present our results for the
order parameter 〈χ〉, the single-particle gap ∆˜, and the
chemical potential µ in units of the Fermi energy ǫF of
a noninteracting system having exactly the same density
as our flowing system. Note that ǫF is determined by
the true density of the system which we calculate via the
normal component of the one-particle Green function for
a given value of the cutoff Λ. At the end of the flow we
find for the renormalized quantities
µ/ǫF = 0.32, ∆˜/ǫF = 0.61, 〈χ〉/ǫF = 0.59. (20)
At the unitary point we may calculate the ground state
energy per particle from ε0 = 3µ/5 = 0.19. The above
numbers should be compared with the mean-field results
µ/ǫF = 0.59 and ∆˜/ǫF = 〈χ〉/ǫF = 0.69.
FIG. 3: (Color online) RG flow the order parameter 〈χ〉, the
single-particle gap ∆Λ, and the chemical potential µ at the
unitary point in D = 3. Here, ǫF is the Fermi energy of
a noninteracting system which has the same density as our
interacting system.
Our value µ/ǫF = 0.32 is smaller than the Monte Carlo
results 0.44 (Ref. [11]) and 0.42 (Ref. [12]), but it is quite
close to the value 0.36 obtained by Haussmann et al.[16]
and agrees perfectly with the experiment by Bartenstein
et al. [6]. Our value for the renormalized single-particle
gap is within the error bars of the Monte Carlo simu-
lations [11, 12], and agrees with the FRG calculation
by Diehl et al.[19], while the FRG result for ∆˜/ǫF by
Krippa [18] is only 3% smaller than the mean-field re-
sult. In contrast to our approach, the FRG calculations
of Refs. [18, 19] are based on a truncated gradient ex-
pansion and do not distinguish between the quasi-particle
gap and the order parameter, which are conceptually dif-
ferent quantities.
In summary, using a new truncation strategy of the
FRG flow equations for the BCS-BEC crossover we have
calculated the chemical potential, the single-particle gap,
and the order parameter at the unitary point in three di-
mensions and obtained reasonable agreement with exper-
iments and other calculations. In contrast to the trun-
cated derivative expansion of FRG flow equation for the
BCS-BEC crossover used in Refs. [19, 20], our strategy
is based on a truncation of the vertex expansion of the
partially bosonized theory using Dyson-Schwinger equa-
tions and Ward identities. Moreover, by introducing a
momentum cutoff only in the bosonic sector, we can di-
rectly calculate fluctuation corrections to the mean-field
approximation, which serves as the initial condition for
the FRG flow. The strong vertex correction of almost
50% shown in Fig. 2 shows that Eliashberg type approx-
imations are not quantitatively accurate close to the uni-
tary point.
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